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Abstract 

An action for supersymmetric DO-branes in curved backgrounds is ob- 
tained by dimensional reduction of N=l ten-dimensional supergravity cou- 
pled to super Yang-Mills system to 0+1 dimensions. The resultant action 
exhibits the coset-space symmetry sof^xSO(9+n) x where n = N 2 — 1 
is the dimension of the SU(N) gauge group. 



1 Introduction 



Very little is known about D-branes pj, ||, ||, in curved backgrounds Q and 
what restrictions, if any, should be imposed on such backgrounds . Supersymme- 
try imposes constraints on the background metric. In the case of the superstring 
with world sheet supersymmetry, there is a direct relation between the number 
of supersymmetries and the background metric ||. In flat background geome- 
try the DO-brane action has 16 space-time supersymmetries, and it is natural 
to ask for the type of curved backgrounds compatible with this symmetry. The 
action with 8 space-time supersymmetries (N = 2 in 4 dimensions ) was shown 
to correspond to Kahler backgrounds Q . 

In general it is difficult to construct such actions without having determined 
the underlying symmetry. There are few possible routes to handle this problem, 
the most obvious one is to quantize the D-brane action in the presence of a 
general superspace metric, thus keeping all supersymmetries, and to determine 
what are the required constraints on such a metric 0, ||. This is expected to 
be extremely complicated and only recently some work has been done in this 
direction |j| . The other possibility is to determine the necessary fields to make a 
supersymmctric multiplet and to find the corresponding invariant action under 
such transformations. We shall follow a simpler approach, which is straightfor- 
ward but which the drawback that the underlying symmetry is not manifest. 
The idea is based on the observation that the supersymmetric D-0 brane action 
was obtained by dimensionally reducing the super Yang-Mills action from ten 
to 0+1 dimensions ||. The most general supersymmetric interaction in ten di- 
mensions with TV = 1 supersymmetry is that of supergravity coupled to super 
Yang-Mills with an arbitrary gauge group |l0| ]. Dimensional reduction keeps 
maximal supresymmetry and rearranges the scalar fields to have the action of a 
non- linear sigma model on a coset space. Reducing to 0+1 dimensions have the 
peculiarity that there is no gravitational part and the only fields coming from the 
gravity sector in ten-dimensions yields scalar fields. Similarly the vector fields 
coming from the Yang-Mills part give scalar fields taking values in the adjoint 
representation of the gauge group. As with compactification of supergravity 
theory it is expected that the coset space to be of the form JTTJ 

50(9,9 + .) xm 



SO(9) x SO(9- 

where n = N 2 — 1 is the dimension of SU(N) gauge group. The absence 
of the gravitational sector in 0+1 dimensions also enables us to identify the 
gravitational coupling in higher dimensions with the string tension to insure that 
all rescaled scalar fields have the same dimensions and could serve as coordinates 
of the D-brane. 

The aim of this letter is to derive the DO-brane action with the most general 
curved background compatible with maximal space-time supersymmetry. This 
is done by compactifying the ten-dimensional theory and grouping all the resul- 
tant fields. The result obtained does not have manifest symmetry. Nonetheless, 
this suggests that a direct derivation in terms of supermultiplets, where some 
auxiliary fields as well as constrained variables are used, might drastically sim- 
plify the answer. This is the situation encountered in the derivation of the 
four-dimensional N — A supersymmetric action where superconformal methods 
were used to simplify the analysis 1121 . This more systematic approach will be 



2 



left for the future and our study here will be limited to the action obtained by 
dimensional reduction. The plan of this paper is as follows. In section 2 we 
derive the bosonic dimensionally reduced action and in section 3 we give the 
fermionic part. Section four includes comments on the results. 



2 Bosonic action of curved DO-branes. 

Our starting point is the N = 1 supergravity Lagrangian in ten dimensions 
coupled to super Yang-Mills system. This is given by (up to quartic fermionic 
terms) fuj 

dct (e M ) 1 L = ~R(u) ~ l -i> M T MNP D N ^ P + l^d M <j>d N cl>g MN 

+ \x? M DmX + ^mHmX + e-^F' MNP F^ RS g M Qg NR g ps 

+7gr**M (? MNPQR - 6g MP r Q g RN ) ^f pqr 

-\e~*Tr (GmnGpq) g MP g N ^ + '-Tr (XT m D m \) 



2y/2 



Tr (\T M T NP i> M G 



NP 



where F' MNP is the field strength of the antisymmetric tensor Bmn modified 
by the gauge Chern-Simons three form. 

t MNP - r MNP + U MNp 

and F M np = ^d [M B NP] , while 

^mnp = 6k7> \A[ M d N A P } + ^A [M A N A P A 

We can reduce this action from 10 to d dimensions with the following distribution 
of fields. The metric gMN gives a metric g^, m vectors and \m (m + 1) scalars 
in d dimensions, where to = 10 — d. The antisymmetric tensor Bmn gives 
B^v, to vectors and \m (to — 1) scalars. The gauge fields A l M give A % , and nm 
scalars A l m , where n is the dimension of the gauge group. All in all we will have 
to (n + to) scalars which will span the coset space [|ll] 

SO (m, n + to) 



SO (to) x SO(n + to) 



The case when d = 4 (i.e. to = 6) is well established fllPf . The case we are 
interested in have to = 9. 

To reduce this action to 0+1 dimensions we decompose: 



Hi ~ ' 



e u B a 
o o 
el 



The inverse metric is 



of /eg eg 1 
I el™ 
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where e° = (e?) \ e™e b m = S b a , etf = -e^BJe™. 
To evaluate — \ det (ef f ) R(uj) we have [|l3| 

j det (e&) = (SW^ - 2^ bc « Cj4S - 4tt c /ft CB B ) 



where ^asc = ~ e A e B(^M e N ~ ®N e u)- The only non-vanishing SIabc IS 

Substituting this gives 

-jdet {e A M ) R{u>) = I (-ld Q g mn d Q g mn - 2 (^lne) 2 ) 

where e = det(e^). The antisymmetric tensor piece gives 

— e°e 2< ^ {SF' aW F' abQ — F' abc F' abc ) 

where we are raising and lowering tangent space indices with the euclidean 
metric 8 a b, and 

F' abc = ine^e^Tr (A [m A n A p] ) 
F' aW = -JZel (d Q B mn - K 2 Tr ^A m D Q A n - A n D Q A r , 



where D Q A m = d Q A ri 



A, , A m 



and A' = A. — B m A m . The redefinition of 

o o 6 

A will insure that the field B m will not appear in the action and therefore is 

o 6 
irrelevant. 

The Yang-Mills part is 
~ det (e&) e^Tr (G M NG PQ g MN g PQ ) = -^e^Tr (G ab G ab - 2G a0 G a0 ) 
where 

G a b — e JT e & [A m , A n ] 
G a0 = -e™e°D A m 

Grouping all terms together we obtain the bosonic part of the DO-brane action: 
= ^(eg(-^ oW a o5 --i(9 o ln e ) 2 + i^^ 

+ V 2 V" P g^D Q B mn D Q B pq + ^- e -<t>g mn Tr (D Q A m D Q A,, 



-e 



o ^_^ e -^ g m qg nr gPSTr ( A[m A n A p] ) Tr (A [q A r A s] ) 
l e -4> g m<i g nr Tr ( [AmAn])Tr ([A q A r ]) 
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where D Q B mn = d Q B mn - n 2 Tr yA m D Q A n - A n D { A m j. To get the correct 

dimensions we identify the gravitational coupling k with the string tension a' 
and redefine the gauge fields A l m = X l m , thus identifying them with the D0- 
brane coordinates. Multiplying the Lagrangian with an overall factor of (a 1 ) 2 
gives the bosonic part of the DO-brane action. The 82 fields g m n, B mn and <f> 
are needed, beside the coordinates X l m , to provide coordinates for a DO-brane 
action with a curved background. The rescaled bosonic Lagrangian becomes 

= (e^-^d o9mn d o9 --\(d \ne)\ld ^ 

+ \e- 2 *g m v g n «D o B mn D Q B pq + ^e^g mn Tr (D Q X m D Q X n ) 

+e l \-Vr7^ e ^9 mq 9 nr 9 PS Tr (X [m X n X p] ) Tr (X [q X r X s] ) 
\ o (a') 

-T^2^9 mq 9 nr Tr ([X m X n ]) Tr([X q X r }) 
4 (a'j 

The scalar fields can be regrouped into a set X^ where R = 1, ■ ■ ■ , 9 + n 
plus an additional scalar field as a combination of the fields g mni B mn , 4> and 
-X^.Can one take the limit where g mn = S mn , B mn = and = ? This 
gives the flat background D-0 brane action plus the order 6 terms in X^.This 
is usually incompatible with supersymmetry as we shall show later. The proper 
limit to flat backgrounds can be obtained by keeping the couplings n and a 1 
independent, then taking the limit n — > 0. 

The transformation law for e° with respect to time transformation is given 

by 

Se° = 8 (Ce ) 
o V s oj 

which would allow us to set e° = 1. 

o 

In this action the coset space symmetry is not manifest. The coset space 
metric is a non-polynomial function of g mn , B mn , X % m and (j). To obtain manifest 
symmetry, one method would be to start with the symmetry SO(9, 9 + n) using 
supersymmetric multiplets, and then gauge the 50(9) x SO(9 + n) subgroup. 
This will be the topic of a forthcoming project where a systematic analysis of 
all possible background symmetries would be carried out. 

3 The fermionic action 

The Rarita-Schwinger term 

where tpA = e^ipM, and D M ipN = (<9m + \u m AB ^ab) tpN .gives upon com- 
pactification 



) 



■5 



4> a r ac r d^ c + -ip a r ac r de r ^ c (e n d d Q e ne ) 

+ l -ee° (V Q r>o (e^ o e n6 ) + \^ a Y b ^ (e^e na + e n a d Q e nb ) 
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where we have used tpo — I ip — B a e a n ip m I and ip a = e™ip m - Again, the 

V o / 

definition of ipo insures that B a does not appear in the action. The nonvanishing 



components of the spin-connection are 

^obc = ^ (eld Q e nc - e"<9 e n6 ) 

The term | det (e^ f ) \T A DaX reduces to 

-ie [elxT\ (e n a d o e na ) - 2*T° (d b + ^d Q e nc r b( }j X 
Similarly the gaugino kinetic term gives upon reduction 

--eTv (e°AT°A (e n a d Q e na ) - 2XT° (d q + \e^d o e nc T b ^j X 
Next, the fermi-bose interaction ipipF' gives 

■ 2 

^e^ee" (4 (^ a T abcde ^ b + H {) T obcd ^ b - H c T d ^ e ) TrA [c A d A e] 
+ (3^ a r ahcd % - 2^ Q T c ^ d + 2^ c T ^ d - 2^ c T d ^ ) 
*^e n A {^9 Q B mn - kTv (A m D Q A n - A n D Q A m )^ 



Finally the ipx^^ coupling gives 



2 o 



The supersymmetry transformations in ten dimensions are 

Se^j = —iKeY^ipM 

*+ = -jf* 

SB M n = Ke ^ieT [M ip N] + ^eT M NX^ 
Hm = \D M e+^e-<t>(T Np Q M + %»T p Q)eF> NPQ 

5 X = ^T M ed M ^ 
2k 

SA m = -J=e^eT M A 
SX = e~^T MN eG 



MN 
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The compactified supersymmetry transformations become after rescaling 

Se° = -mer> n 
o o 

Se a = -iKlT a iP n 
o 

Se a m = -ieT a ip m 

* = ~7f x 

SB mn = «e ^ier [m ^> n ] + ~^p£^ mn ^ 



+ ^h^^ ThCdT ^ e b^ d Tr (X [m X n X p] ) 
12 (a J 



-^Tr [x m D G X n - X n D Q X m ^j 



Ha = ^eg {e^d Q e nb + e£ <9 e rla ) r bo e 

-T^h*^ ( Tabcd ^ca)ee^e n c elTr (X [m X n X p] ) 
12 (a') 

+ -^e-* (r Qcda + l^OcS^ ee™e n d el (^d Q B mn - -^Tr (x m D Q X n - X n D Q X m } 
SX = ^ + sJlaf ^ TabCe e "^ egTr ^ m XnX ^ ) 

5A n = — i_ e i*cr-A 
a'v^ 

<5X m = ^e^er m A 
v2 

From these transformations it should be clear that the truncation g mn — 
S mn , B mn = 0, 4> = is not consistent with supersymmetry because the fields 
X l m , g mn , B mn and <f> are now mixed to form 9(9 + n) + 1 coordinates for the 
D-0 brane. A proper way of going to the flat background limit is to keep k and 
a' distinct, and then take the limit k — > 0. 



4 Comments 

The DO-brane action with maximal N = 16 space-time supersymmetry, derived 
here have the coset symmetry so^9)xso(9+n) w hich, however, is not manifest. 
The 81 fields which are not related to the SU (N) gauge group are essential to 
provide curvature for the background. We can say that curved backgrounds are 
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only possible once n gauge fields are embedded into the above coset structure. 
One way to improve on this solution is to start with the light-cone formulation 
of the supcrmembrane in arbitrary background and find under what conditions 
the quantized action simplifies in such a manner as not to involve a square 
root. This is a difficult problem and the recent work of weakly coupling D0- 
branes to curved backgrounds may help to clarify the situation |J. The action 
constructed in |^] contains higher order time derivatives indicating that higher 
derivative terms in ten-dimensional supergravity should also be included. It 
would also be very interesting to find out how the 82 scalar fields arise in this 
formulation. 

Another possibility is to study supersymmetry representations in 0+1 di- 
mensions and form multiplets in complete analogy with the one obtained by 
superconformal methods in four dimensions. This would have the advantage of 
getting the coset space symmetry in a manifestly invariant way. In addition this 
would allow to investigate the general problem of finding the relation between 
the required degree of space-time supersymmetry and the nature of the curved 
background. 

References 

[1] J. Polchinski, Phys.Rev. Lett. 75 (1995) 4724. 
[2] A. Sen, Adv. Theor. Math. Phys. 2 (1998) 51. 

[3] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D55 

(1997) 5112. 

[4] M. R. Douglas, Nucl. Phys. Proc. Suppl. 68 (1998) 381. 

[5] J. Frohlich, O. Grandjean and A. Recknagel, Comm. Math. Phys. 193 

(1998) 527. 

[6] M. R. Douglas, A. Kato, H. Ooguri, Adv. Theor. Math. Phys. 1 (1998) 237. 

[7] E. Bergshoeff, E. Sezgin and P. K. Townsend, Phys. Lett. B189 (1987) 95. 

[8] B. dc Wit, J. Hoppe and H. Nicolai, Nucl. Phys. B305 (1988) 545. 

[9] W. Taylor and M. Van Raamsdonk, hep-th/9904095. 

[10] A. H. Chamseddine, Nucl. Phys. B185 (1981) 403; Phys. Rev. D29 (1981) 
3065; 

E. Bergshoeff, M. de Roo, B. de Wit and P. van Nieuwenhuizen, Nucl. 
Phys. B195 (1982) 97: 

G. Chapline and N. Manton, Phys. Lett. 120B (1983) 105. 

[11] J. -P. Derendinger and S. Ferrara, in Supersymmetry and Supergravity 84 
editors B. de Wit, P. Fayet and P. van Nieuwenhuizen, World Scientific p. 
159, 1984. 

[12] M. de Roo and P. Wagcmans, Nucl. Phys. B262 (1995) 644. 
[13] E. Cremmer and B. Julia, Nucl. Phys. B159 (1979) 141. 



8 



